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The Crame´r-Rao bound and the quantum Fisher information (QFI) have been tools used exten-
sively for the interferometric phase sensitivity. Most scenarios considering a Mach-Zehnder interfero-
meter (MZI) with two input sources focused on the phase-matched case, when the Fisher information
is maximal. Under this constraint, the best sensitivity is achieved for a balanced (50/50) input beam
splitter. In this paper, we take a different approach: we allow the beam splitter transmission coeffi-
cient as well as the input phase mis-match to be variable parameters. We then search for a pair of
these parameters that maximizes the Fisher information. We find that for the double coherent input
the maximum Fisher information can always be reached in the unbalanced case for a carefully cho-
sen input phase mis-match. For the coherent plus squeezed vacuum case we find that under certain
circumstances, a threshold phase mis-match exists, beyond which the optimum Fisher information
is found for the degenerate case. For the squeezed-coherent plus squeezed vacuum case we find that
the optimum is actually when the squeezing angles of the two inputs are in anti-phase.
I. INTRODUCTION
Phase sensitivity is an old research topic that gained
new momentum in recent years [1–8], partly due to
the emergence of quantum technologies [1–4] and of the
gravitational wave astronomy [5–7]. Among the long-
established milestones one can mention the Crame´r-Rao
bound and the use of Fisher information [9] in order to
obtain theoretical limits on parameter estimation [10].
The well-known standard quantum limit (also called
shot noise limit) was legion for an interferometric phase
measurement until Caves’ paper [11], proving a way to go
beyond it. The new sensitivity target using non-classical
states of light called Heisenberg limit was investigated
and proven fundamental [12]. Among the quantum states
that reach this limit we mention the so-called NOON-
states [13–15], however losses can lead to a rapid degra-
dation of this performance [16, 17]. Practical schemes
focus mainly on squeezed states of light [18–20]. The ad-
vantage of these (squeezed) states lies in their ability to
perform well in the low- as well as in the high-intensity
regime [5, 21, 22].
While estimating the phase sensitivity of a Mach-
Zehnder interferometer, practicalities arise. For example,
the phase sensitivity is not uniform [10]. For a coher-
ent input state, a workaround at low intensities has been
shown to exist [23]. The actual detection scheme needs
also to be taken into account, since different setups can
lead to different sensitivities [10, 21, 22].
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However, when focusing on the Fisher information
only, the detection scheme is disregarded [24–27]. This is
so because the Fisher information is always a best case
scenario, hence its utility in finding the maximum theo-
retical performance one expects from a given setup.
Optimal phase sensitivity based on the quantum Fisher
information is a subject amply discussed in the literature
[10, 22, 24–29]. This measure of information is not free
of controversies or subtleties such as the influence of an
external phase reference [24], pathologies in the case of
entangled input states [27] or no-go theorems correcting
previous statements [25].
It is generally believed that the balanced (50/50) beam
splitter case is optimum and many works focus on this
scenario only [13, 21, 26, 27]. Papers considering the
non-balanced case reach this conclusion [24] or find no
difference between the balanced and non balanced cases
for the input phase matching condition [28].
We show in this paper that the phase-matched inputs
coupled with a balanced interferometer is only a partic-
ular situation, from a much broader set of possibilities.
We discuss the double coherent input scenario [22, 30],
this time however with a non-balanced input beam split-
ter. Extending some previous results [22] for the bal-
anced case, we find that there exists an optimum input
phase mis-match different from zero for non-balanced in-
terferometers. Moreover, we show that the maximum
Fisher information stays the same, regardless of the in-
put phase mis-match, if the transmission coefficient of
the input beam splitter is carefully chosen.
For the often-discussed coherent plus squeezed va-
cuum input scenario, under certain circumstances, we
find three different cases. For some given coherent am-
plitude and squeezing factor, we find a limit phase mis-
2match, ∆θlim, that does not depend on the input beam
splitter transmission factor. For phase mis-matches be-
low this value, the Fisher information is indeed optimal
in the balanced case. However, this assertion is no longer
true beyond ∆θlim.
The most general case of coherent squeezed ⊗ coherent
squeezed (also called bright coherent) input was consid-
ered in the literature [31, 32], however with some lim-
itations. First, only the balanced case was considered.
Second, a single input phase mis-match was allowed.
Third, it used the single-parameter Fisher information
approach, thereby counting resources that are actually
not available. In our paper we discuss a slightly simplified
scenario comprised of a squeezed-coherent source in one
input and squeezed vacuum in the other. However, we
impose neither a balanced beam splitter, nor any type of
input phase matching. This scenario was discussed in the
context of a balanced MZI and with difference-intensity
detection in [33].
Throughout the paper we use the quantum Fisher in-
formation matrix (see references [25, 26] for a discussion)
in order to avoid counting resources that are actually un-
available (see also [24]).
This paper is structured as follows. In Section II we
briefly introduced our experimental setup as well as the
theoretical tools and conventions we use throughout this
work. In Section III we consider the double coherent
case and discuss potential benefits from the non-balanced
scenario. In Section IV we consider the coherent plus
squeezed vacuum input and discuss the three possible
cases one encounters. The more general case of squeezed-
coherent plus squeezed vacuum input is detailed in Sec-
tion V. The paper closes with the conclusions from Sec-
tion VI.
II. PHASE SENSITIVITY WITH THE
MACH-ZEHNDER INTERFEROMETER
A. Field operator transformations
We use a standard quantum optical description of our
MZI [34] and we consider the operator transformations
{
aˆ†3 = R
∗aˆ†0 + T
∗aˆ†1
aˆ†2 = T
∗aˆ†0 +R
∗aˆ†1
(1)
where T (R) denotes the transmission (reflection) coef-
ficient of the beam splitter BS1 (see Fig. 1). We have
|T |2+ |R|2 = 1 and TR∗+T ∗R = 0 [34] and the commu-
tation relations [aˆm, aˆ
†
n] = δmn withm,n ∈ {0, 1} and aˆm
(aˆ†m) denotes the annihilation (creation) operator for the
mode m. Equations (1) and the constraints stated before
imply that the (photon) number operators (nˆm = aˆ
†
maˆm
for a mode m) are
nˆ3 = |R|2aˆ†0aˆ0 + |T |2aˆ†1aˆ1 − T ∗R
(
aˆ†0aˆ1 − aˆ0aˆ†1
)
(2)
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FIG. 1. The configuration for the case study with two inde-
pendent phase shifts. The beam splitter BS1 is assumed to
have a variable transmission coefficient T . The wavevector
used in all QFI calculations is given by equation (4).
and
nˆ2 = |T |2aˆ†0aˆ0 + |R|2aˆ†1aˆ1 + T ∗R
(
aˆ†0aˆ1 − aˆ0aˆ†1
)
(3)
Equations (2) and (3) allow to immediately find all
needed output operator relations. For example by adding
these equations we obtain nˆ3+ nˆ2 = aˆ
†
1aˆ1+ aˆ
†
0aˆ0, a state-
ment that simply confirms the conservation of the num-
ber of photons.
When discussing the phase sensitivity of a MZI, one
encounters several scenarios. In the single parameter
scenario, we have a single phase shift, usually denoted
by ϕ. Two sub-cases open now: we can assume this
phase shift in a single arm of the interferometer, and us-
ing the notations from Fig. 1 we have ϕ2 = ϕ, ϕ1 = 0
and |ψϕ〉 = e−iϕ2nˆ3 |ψ23〉. Alternatively we can consider
the phase shift split between the two arms. We have ϕ1 =
ϕ/2 and ϕ2 = −ϕ/2, thus |ψϕ〉 = e−iϕ2 nˆ3+iϕ2 nˆ2 |ψ23〉. In
reference [24], these cases were labelled (i) and (ii) and
they corresponded to the Fisher informations F (i) and
F (ii).
However, as discussed in the literature [24–26], a two-
parameter estimation technique avoids the problems of
counting supplementary resources (like an external phase
reference) that are actually not available.
The wavevector we consider, |ψϕ〉, is expressed
in respect with the sum/difference phase shifts
ϕs/d = (ϕ1 ± ϕ2)/2, therefore
|ψϕ〉 = e−i
nˆ2−nˆ3
2
ϕde−i
nˆ2+nˆ3
2
ϕs |ψ23〉 (4)
and the state |ψ23〉 is obtained by applying the field op-
erator transformations (1) to the input state |ψin〉.
Throughout this paper we consider that |ψin〉 is sepa-
rable (i. e. we assume no entanglement between the two
inputs).
3B. The quantum Crame´r-Rao bound and Fisher
information
In parameter estimation a fundamental limit is given
by the quantum Crame´r-Rao bound (QCRB) [1, 10, 26,
27]
(∆ϕ)2 ≥ 1F (ϕ) (5)
where (∆ϕ)2 is the variance of the parameter ϕ and F (ϕ)
is the quantum Fisher information [10].
In the two-parameter case the Fisher matrix [26] is
given by
F =
(
Fss Fsd
Fds Fdd
)
(6)
where we define the matrix elements
Fij = 4ℜ (〈∂iψϕ|∂jψϕ〉 − 〈∂iψϕ|ψϕ〉〈ψϕ|∂jψϕ〉) (7)
with i, j = {s, d}. The Crame´r-Rao bound is now in
matrix form Σ ≥ F−1, or, explicitly written(
∆2ϕs ∆ϕs∆ϕd
∆ϕd∆ϕs ∆
2ϕd
)
≥ 1
DF
(
Fdd −Fsd
−Fds Fss
)
(8)
where the determinant is DF = FssFdd − FsdFds. In
particular, for the phase difference sensitivity we have
∆ϕd ≥ 1/
√F where we defined
F = FssFdd − FsdFds
Fss
= Fdd − FsdFds
Fss
(9)
For the remainder of the paper, when mentioning Fisher
information we mean F and when mentioning phase sen-
sitivity, we mean ∆ϕd. For simplicity, we do not consider
the effect of repeated measurements in this paper. In a
nutshell, for N identically prepared experiments we ex-
pect ∆ϕd → ∆ϕd/
√
N (see [23]).
Before ending this short section we remark that in
equation (9) we could have done the approximation
F ≈ Fdd, as done in reference [26]. This would be well
justified in the balanced case, since from most (although
not all) input states one finds that Fsd = Fds = 0. In
this paper we voluntarily avoid this restriction, thus the
full expression from (9) will be employed.
III. FISHER INFORMATION FOR DOUBLE
COHERENT INPUT
The double coherent input scenario has been discussed
at large in [22] for the balanced case. We extend them
here to encompass also the non-balanced case. The input
state is
|ψin〉 = |α1β0〉 = Dˆ1 (α) Dˆ0 (β) |0〉 (10)
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FIG. 2. The Fisher information F from equation (11) di-
vided by |α|2 versus the beam splitter transmission coefficient
(T 2) for three values of ∆θ. One notices that whatever the
value of ∆θ, the Fisher information attains the same maxi-
mum Fmax/|α|
2 = 1+̟2, depicted with the solid red line. In
the inset: zoom on the upper-left corner of the graphic. We
used the values |α| = 10 and |β| = 9.9.
where the displacement operator [34] at input port m is
Dˆm (γ) = e
γaˆ†m−γ
∗aˆm with m = {0, 1}. Here α = |α|eiθα ,
β = |β|eiθβ and ∆θ = θα − θβ is the phase difference
between the two input lasers.
We use the two-parameter approach to determine the
Fisher information [26]. Calculations are detailed in Ap-
pendix A and denoting ̟ = |β|/|α| we have the final
result
F = 4|α|2
(
|TR|2 (1 +̟2)− 4|TR|2̟2
(
1 + sin2∆θ
)
1 +̟2
+
̟2
1 +̟2
−2|TR| (|T |2 − |R|2) ̟
(
1−̟2) sin∆θ
1 +̟2
)
(11)
For a balanced beam splitter (T = 1/
√
2 and R = i/
√
2)
we arrive at
F = |α|2
(
1 +̟2 − 4̟
2 sin2∆θ
1 +̟2
)
(12)
a result reported in [22]. With this restriction, the opti-
mum angle between the coherent input sources is obvi-
ously ∆θopt = kπ with k ∈ Z, which leads to maximum
Fisher information,
Fmax = |α|2(1 +̟2) = |α|2 + |β|2 (13)
and to the phase sensitivity ∆ϕ = 1/
√
|α|2(1 +̟2).
We wish, however, to find the optimum input phase
mis-match for the general, non-balanced case. There-
fore, differentiating the expression from equation (11) in
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FIG. 3. The Fisher information F versus the input phase
mis-match, ∆θ, for five different values of T . We used the
parameters: |α| = 10, |β| = 2 (implying ̟ = 0.2).
respect with ∆θ yields an optimum angle
∆θopt = arcsin
( |T |2 − |R|2
4|TR|
(
1
̟
− 1
))
+ 2kπ (14)
The significance of this (optimum) angle is the following:
if we are constrained by a given transmission coefficient
T , the maximum Fisher information Fmax from equation
(13) can still be reached if the input phase mis-match is
given by ∆θopt from equation (14). For the balanced
case, one recovers ∆θopt = kπ, as expected.
The ability to reach the maximum sensitivity for a non-
balanced beam splitter is an obvious practical advantage:
small deviations in the transmission coefficient T of a
real-life beam splitter can be corrected via an easily ad-
justable phase shift ∆θ.
We try to answer now the following question: for a
given input phase mis-match ∆θ and for a fixed ratio
̟ = |β|/|α| what value of T maximizes the Fisher infor-
mation?
The calculations are detailed in Appendix B and the
final result is
|T |2opt =
1
2
+
sign(̟2 − 1)̟ sin∆θ√
(1−̟2)2 + 4̟2 sin2∆θ
(15)
For simplicity, in the following plots we take T real. In
Fig. 2 we depict the Fisher information F from equa-
tion (11) versus the transmission coefficient T 2 for three
different phase mis-matches ∆θ. It can be noted that
in all three scenarios, the maximum Fisher information
(13) is reached at the optimal transmission coefficient
T 2opt given by equation (15). Thus, contrary to the bal-
anced case from equation (12), when any nonzero input
phase mis-match ∆θ only degrades the performance, a
tunable pair of parameters (T , ∆θ) can ensure that the
best attainable phase sensitivity of the measurement is
always reached.
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FIG. 4. The Fisher information F versus the input phase
mis-match, ∆θ, for five different values of T . We used the
parameters: |α| = 10, |β| = 8 (implying ̟ = 0.8).
We prepare to answer now a different question: if the
input phase mis-match ∆θ is fluctuating in certain inter-
vals, can a well-chosen transmission coefficient T com-
pensate at some degree for this fluctuation? In order
to answer this question, in Fig. 3 we plot the Fisher in-
formation versus the input phase difference ∆θ for five
different values of T . We took the scenario with ̟ = 0.2
i. e. there is a big disparity between the powers of the
input coherent sources. One notices that indeed, for the
balanced case (T = 1/
√
2 ≈ 0.707) we have a maximum
at ∆θ = kπ with k ∈ Z. It is interesting to remark
that for values T > 0.75 the Fisher information remains
almost constant for wide ranges of ∆θ (for the case de-
picted in Fig. 3, the interval is ∆θ ∈ (π, 2π)). Thus, if an
experimental setup is unable to keep a well determined
phase shift between the two input sources [in the inter-
val ∆θ ∈ (π, 2π)], then choosing the right T keeps the
sensitivity almost constant.
The situation with almost equal intensity for the two
input coherent sources (̟ = 0.8) is depicted in Fig. 4.
Once again, for the balanced case we find the optimum
at ∆θ = kπ. This time, however, the behaviour of the
Fisher information radically changes. For T > 0.75 we
have a huge dependence of F on the angle ∆θ while for
small values of T we have an almost constant Fisher in-
formation for a wide range of input phase shift differences
[∆θ ∈ (0, π) for the scenario depicted in Fig. 4].
Before concluding this section we would like to investi-
gate if the theoretically computed sensitivities are achiev-
able in a realistic detection scheme. We therefore choose
the difference intensity detection scheme (see e. g. Fig. 2
in [22] and Appendix C). Using standard techniques, we
find the phase sensitivity
∆ϕdiff =
√
1 +̟2
2|α| · |Cd sinϕ+̟ cos∆θ cosϕ| (16)
where ϕ is the total internal phase in the interferometer
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FIG. 5. The phase sensitivity ∆ϕ for a dual coherent input
versus the input beam splitter transmission factor T . We
plotted the sensitivity from the quantum Crame´r-Rao bound
∆ϕQCRB and the one from the realistic difference-intensity
detection scheme, ∆ϕdiff . We used the parameters: |α| = 10,
|β| = 8, ∆θ = π/90. We optimized ϕopt from equation (C7)
for a value |T |2 = 0.25.
and the coefficient Cd is defined in equation (C5).
For a given T and ∆θ, there exists an optimum phase
shift ϕopt (see Appendix C) so that ∆ϕdiff attains the
quantum Crame´r-Rao bound ∆ϕQCRB = 1/
√
F where
F is given by equation (11).
We compare the best achievable sensitivity ∆ϕQCRB
with the realistic one given by equation (16) in Fig. 5.
We optimized our total internal phase ϕopt from equa-
tion (C7) for |T |2 = 0.25. Indeed, one can notice that in
the vicinity of the optimized value we have an overlap be-
tween the realistic performance and the theoretically pre-
dicted one. Even for values of T far from the optimized
one, the performance does not degrade noticeably. We
conclude that the theoretically predicted performances
are actually achievable in realistic experiments.
IV. FISHER INFORMATION FOR COHERENT
PLUS SQUEEZED VACUUM INPUT
In this rather popular scenario [6, 11, 20, 26] we con-
sider the input state
|ψin〉 = |α1ξ0〉 = Dˆ1 (α) Sˆ0 (ξ) |0〉 (17)
The squeezed vacuum state acting on a port m can be
mathematically described by applying the squeezing op-
erator Sˆm (ξ) = e
[ξ∗aˆ2m−ξ(aˆ
†
m)
2]/2 with ξ = reiθ . The pa-
rameter r ∈ R+ is usually called the squeezing factor.
We define the input phase mis-match by ∆θ = 2θα − θ.
For a two-parameter Fisher information we have the
matrix elements Fij with i, j ∈ {s, d} given in Appendix
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FIG. 6. The Fisher information versus the beam split-
ter transmission factor (T 2). For phase mis-match angles
∆θ < ∆θlim the optimum is found for a balanced beam split-
ter. For ∆θ = ∆θlim the Fisher information is constant regar-
less of the value of T and given by equation (23). For input
angles ∆θ beyond ∆θlim, the optimum Fisher information is
found for the degenerate case T = 0/1. We used the values
|α| = 10 and r = 2.3 so that ∆θlim ≈ 0.9π. For reference,
we also plotted (orange, dash-dotted) the Fisher information
for a single coherent input having the same average number
of photons (i. e. |α′|2 = |α|2 + sinh2 r).
D). The final expression of the Fisher information is
F = 4|TR|2 (|α|2 (sinh 2r cos∆θ + cosh 2r) + sinh2 r
− 2 sinh
2 2r|α|2
|α|2 + sinh2 2r2
)
+
2 sinh2 2r|α|2
|α|2 + sinh2 2r2
(18)
For the balanced case we obtain
F = |α|2 (sinh 2r cos∆θ + cosh 2r) + sinh2 r (19)
giving the maximum achievable Fisher information
Fmax = |α|2e2r + sinh2 r (20)
when the input phase matching condition is
∆θ = 2θα − θ = 0 (21)
a conclusion reached by other papers, too [21, 22,
28]. Accordingly, we obtain the phase sensitivity
∆ϕ = 1/
√
|α|2e2r + sinh2 r, a result amply discussed in
the literature [24, 26, 35].
At first glance, the Fisher information from equation
(18) is always maximized in the balanced case since it is
well known that |TR| is maximal in this case. However,
the coefficient multiplying this factor is not necessarily
positive for any combination of α, r and θ. Thus, denot-
ing by κ the term multiplying |TR|2 in equation (18) i.
6e.
κ = |α|2 (sinh 2r cos∆θ + cosh 2r) + sinh2 r
− 2 sinh
2 2r|α|2
|α|2 + sinh2 2r2
(22)
three cases can be distinguished: (i) κ > 0, (ii) κ = 0
and (iii) κ < 0.
In the case (i) we obviously have a best case scenario
for a balanced beam splitter yielding the expression from
equation (19). Moreover, the Fisher information is fur-
ther maximized for ∆θ = 2kπ with k ∈ Z and we arrive
at the known result from equation (20).
In the case (ii), the Fisher information reduces to
F = 2 sinh
2 2r|α|2
|α|2 + sinh2 2r2
(23)
irrespective of the value of T . This condition is equivalent
to having an input phase mis-match ∆θlim that obeys the
equation
cos∆θlim =
2 sinh 2r
|α|2 + sinh 2r2
− cosh 2r
sinh 2r
− sinh
2 r
sinh 2r|α|2 (24)
Solutions ∆θlim exist as long as the r.h.s. of equation
(24) is between −1 and 1. Thus, not all values of |α|
and r can lead to the Fisher information from equation
(23). Notheworthy, ∆θlim is a function of only |α| and
r, the value of T playing no role. For the experimentally
interesting scenario |α|2 ≫ sinh2 r we can approximate
equation (24) to
∆θlim ≈ arccos
(
2 sinh 2r
|α|2 −
cosh 2r
sinh 2r
)
(25)
where we assume that the argument of the inverse cosine
is between −1 and 1.
In the case (iii) we can write the Fisher information as
F = −4|TR|2|κ|+ 2 sinh
2 2r|α|2
|α|2 + sinh2 2r2
(26)
and now the maximum value of F [given by equation
(23)] is reached when |TR|2 is minimal, implying the de-
generate case T = 0/1.
In Fig. IV we plot the Fisher information for the three
cases discussed before. For input phase mis-matches
∆θ < ∆θlim the Fisher information reaches its maximum
for T 2 = 1/2, as expected. However, as ∆θ → ∆θlim, the
Fisher information approaches the value given by equa-
tion (23) and beyond it, we find ourselves in the degen-
erate case, where the optimum is given when T = 0/1.
Therefore, from an experimental point of view, in or-
der to maximize the sensitivity, it is important to keep
the input phase mis-match as small as possible, ideally
∆θ = 0. If this is not possible, a degradation of the sen-
sitivity is to be expected, with a possible threshold value
at ∆θlim (depending on the values of |α| and r).
V. FISHER INFORMATION FOR
SQUEEZED-COHERENT PLUS SQUEEZED
VACUUM INPUT
The most general scenario with Gaussian input states
is obtained by applying squeezed-coherent states in both
inputs i. e. |ψin〉 = |(βξ)0(αζ)1〉, ξ = reiθ and ζ = zeiφ
where r, z ∈ R+ and θ, φ ∈ [0, 2π].
In this section we focus on a slightly simpler version
of this state by setting β = 0 i. e. in input 0 we apply
squeezed vacuum only,
|ψin〉 = Sˆ0 (ξ)Dˆ1 (α)Sˆ1 (ζ)|0〉 (27)
The elements for the Fisher matrix are detailed in Ap-
pendix E and the final expression of the Fisher informa-
tion is given by equation (E4). The input phase matching
condition that maximizes the Fisher information is given
by 

2θα − θ = 0
2θα − φ = π + 2kπ
φ− θ = π + 2kπ
(28)
with k ∈ Z. Similar to the discussion from the previous
section, we define κ given by equation (E5). For κ > 0
the optimum is found in the balanced case and we have
F = |α|2 (cosh 2r + sinh 2r cos∆θ) + sinh2 r + sinh2 z
+2 sinh r sinh z (sinh r sinh z − cosh r cosh z cos(φ− θ)) (29)
Compared to the Fisher information from the previous
scenario (19), the increase is potentially larger, due to
the last term of equation (29). If we also reinforce the in-
put phase matching conditions from equation (28) (note-
worthy, the two squeezing angles have to be in anti-
phase), the optimum Fisher information from equation
(29) yields
Fmax = |α|2e2r + sinh2(r + z) (30)
In Fig. 7 we plot the Fisher information from equation
(29) versus the angle θ for three difference values of φ.
For simplicity, we set θα = 0. One notes that, indeed, the
maximum is reached for θ = 2kπ with k ∈ Z and φ = π.
Thus, the reflex of considering the optimum scenario to
be always the one with no input phase mis-match should
be questioned for each new setup.
Similar to the discussion from Section IV, we can la-
bel with (ii) the case when κ = 0 yielding a Fisher in-
formation independent on the value of the transmission
coefficient T ,
F = 2
sinh2 2r
(
sinh2 2z
2 + |α|2 (cosh 2z + sinh 2z cos∆φ)
)
sinh2 2r
2 +
sinh2 2z
2 + |α|2 (cosh 2z + sinh 2z cos∆φ)
.
(31)
From the condition κ = 0 one can obtain a threshold
angle ∆θlim, this time however this value depends on α,
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FIG. 7. The Fisher information F from equation (29) versus
the angle θ of the squeezed vacuum from input 0 for three
values of the phase φ. We used the parameters: |α| = 10,
r = 2.3, z = 2.3 and θα = 0.
r, z and φ. Thus, the condition κ = 0 can be satisfied
by a myriad of scenarios implying all the aforementioned
parameters.
For κ < 0 find ourselves again in the degenerate case,
when the optimum Fisher information is obtained when
T = 0/1.
Before ending our discussion, we make a brief compar-
ison among the three scenarios we discussed while con-
sidering the values used throughout the paper: |α| = 10,
r = 2.3 and z = 2.3. For the coherent plus squeezed
vacuum scenario discussed in Section IV the maximum
Fisher information is given by equation (20) and we have
the value Fmax ≈ 9972 with an average number of pho-
tons 〈n〉 = |α|2 + sinh2 r ≈ 124. If we assume the same
average number of photons for the double coherent sce-
nario discussed in Section III we end up, according to
equation (13), with Fmax ≈ 124. Now adding squeez-
ing to input 1, as discussed in this section brings us
to Fmax ≈ 12422 with an average number of photons
〈n〉 = |α|2 + sinh2 r + sinh2 z ≈ 149. The advantage of
adding squeezing is obvious, even for moderate squeezing
factors.
VI. CONCLUSION
In this paper we considered the general case of an un-
balanced MZI with three input scenarios: the double
coherent, the coherent plus squeezed vacuum and the
squeezed-coherent plus squeezed vacuum cases.
For the double coherent input we showed that the max-
imum Fisher information Fmax = |α|2 + |β|2 can always
be reached, even if ∆θ 6= 0, with a suitably unbalanced
beam splitter. We showed that the availability of two
new parameters (the input phase mis-match, ∆θ and the
beam splitter transmission coefficient, T ) brings extra
degrees of freedom for various experimental scenarios.
For the coherent plus squeezed vacuum case we find
that in general the optimum is reached for the balanced
case and with no input phase mis-match i .e. ∆θ = 0.
If one cannot meet the requirement ∆θ = 0, under cer-
tain circumstances, there exists a threshold input phase
mis-match, ∆θlim. At this threshold, the Fisher informa-
tion remains constant, irrespective of the beam splitter
transmission coefficient. Beyond this threshold value, the
optimum Fisher information is found for the degenerate
case (T = 0/1).
In the more general squeezed-coherent plus squeezed
vacuum input case we find that the maximum Fisher in-
formation is in the balanced case with ∆θ = 0 and with
θ − φ = π i. e. the two squeezing angles must be in
anti-phase.
To conclude, when faced with a given input scenario,
one must question when the optimum Fisher information
is actually achieved and not disregard input phase mis-
matches or unbalanced interferometers.
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Appendix A: Fisher information computations for
the double coherent input
In order to compute the Fisher information for the
double coherent input, we employ a two-parameter ap-
proach described in Subsection II B. For this compu-
tation, we need all four elements of the Fisher matrix
from equation (6). The sum-sum element is defined as
Fss = 4ℜ
(〈∂sψ|∂sψ〉 − |〈ψ|∂sψ〉|2). Using the field oper-
ator transformations from equation (1), we have
〈∂sψ|∂sψ〉 = |α|4 + |α|2 + 2|α|2|β|2 + |β|4 + |β|2 (A1)
The second term of Fss is
〈ψ|∂sψ〉 = −i/2
(|α|2 + |β|2) , (A2)
therefore the Fisher matrix element is Fss = |α|2 + |β|2.
The difference-difference Fisher matrix element Fdd is
defined as Fdd = 4ℜ
(〈∂dψ|∂dψ〉 − |〈ψ|∂dψ〉|2). The first
term is found to be
〈∂dψ|∂dψ〉 = |Rα+ Tβ|4 + |Rα+ Tβ|2 + |Tα+Rβ|4
+|Tα+Rβ|2 − 2|Tα+Rβ|2|Rα+ Tβ|2(A3)
8while the second one gives
〈ψ|∂dψ〉 = |Rα+ Tβ|2 − |Tα+Rβ|2. (A4)
We thus have the Fisher matrix element Fdd = |α|2+|β|2.
The two remaining terms from the Fisher matrix are
equal [26],
Fsd = Fds = |Rα+ Tβ|2 − |Tα+Rβ|2 (A5)
and we can construct now the Fisher matrix,
F =
( |α|2 + |β|2 |Rα+ Tβ|2 − |Tα+Rβ|2
|Rα+ Tβ|2 − |Tα+Rβ|2 |α|2 + |β|2
)
(A6)
Its determinant is DF = 4|Rα+ Tβ|2|Tα+Rβ|2. We define the Fisher information corresponding to a difference-
difference measurement as F = DF/Fss. After some calculations we have
F = 4|TR|2 (|α|2 + |β|2)− 16|TR|2 |αβ|2 sin2∆θ|α|2 + |β|2 + 4
(|T |2 − |R|2)2 |αβ|2|α|2 + |β|2
−8|TR| (|T |2 − |R|2) |αβ| |α|2 − |β|2|α|2 + |β|2 sin∆θ (A7)
where we used the fact that (±iT ∗R)2 = |TR|2 and in this paper we made the convention iT ∗R = −|TR|.
Appendix B: Calculation of the optimum transmission coefficient for the double coherent scenario
We compute the transmission |T |2 in terms of ∆θ, for which the Fisher information reaches its maximal value of
Fmax = |α|2(1 + ̟2). We start from the general expression of the Fisher information given in equation (11) and
denote x = |TR|. Using the identity |T |2 − |R|2 = ±
√
1− 4|TR|2, we get
F = 4|α|2
(
x2
(
1 +̟2
)2 − 4̟2 (1 + sin2∆θ)
1 +̟2
+
̟2
1 +̟2
∓ 2x
√
1− 4x2̟
(
1−̟2) sin∆θ
1 +̟2
)
(B1)
We define the coefficients: αx = 4|α|2 (1+̟
2)
2
−4̟2(1+sin2 ∆θ)
1+̟2 , βx = 4|α|2 ̟
2
1+̟2 and δx = ∓8|α|2
̟(1−̟2) sin∆θ
1+̟2 , yielding
F = αxx2 + βx + x
√
1− 4x2δx (B2)
We differentiate equation (B2) with respect to x and after some computations we arrive at 4(4δ2x + α
2
x)x
4 − (4δ2x +
α2x)x
2 + δ2x/4 = 0. The solutions of this second degree equation are
x21,2 =
1
8

1± 1√
4
δ2x
α2x
+ 1

 = 1
8
(
1± |
(|α|2 − |β|2)2 − 4|αβ|2 sin2∆θ|
(|α|2 − |β|2)2 + 4|αβ|2 sin2∆θ
)
(B3)
From equation (B3) and using |TR|2 = |T |2 − |T |4 = x2 allows us to compute the optimum transmission |T |2opt.
We discard the solutions that yield a minimum Fisher information. The transmission coefficient corresponding to a
maximum Fisher information is
|T |2opt =
1
2
+
sign(|β|2 − |α|2)|αβ| sin∆θ√
(|α|2 − |β|2)2 + 4|αβ|2 sin2∆θ
=
1
2
+
sign(̟2 − 1)̟ sin∆θ√
(1−̟2)2 + 4̟2 sin2∆θ
(B4)
Appendix C: Output observables for a difference intensity detection setup
We close the setup from Fig. 1 with a second beam splitter so that it becomes a MZI (see e. g. Fig. 2 from [22]).
We consider the input beam splitter having a transmission coefficient T and the second one (BS2) balanced. The
output photo-detectors are assumed ideal and the difference photo-current is given by
Nˆd (ϕ) = −2iTR∗ cosϕnˆ0 + 2iTR∗ cosϕnˆ1 + i
(|T |2e−iϕ − |R|2eiϕ) aˆ†0aˆ1 + i (−|T |2eiϕ + |R|2e−iϕ) aˆ†1aˆ0 (C1)
9The phase sensitivity [10, 21, 22, 34] using this setup is defined as
∆ϕdiff =
∆〈Nd〉∣∣∂〈Nd〉
∂ϕ
∣∣ (C2)
where ∆〈Nd〉 =
√
〈Nˆ2d 〉 − 〈Nˆd〉2 and ϕ is the total internal phase in the interferometer. A long but straightforward
calculation yields the variance of the observable Nˆd,
∆2〈Nd〉 = |α|2
(
1 +̟2
)
(C3)
and from equation (C1) we immediately have∣∣∣∣∂〈Nd〉∂ϕ
∣∣∣∣ = |α|2∣∣2|TR| sinϕ (1−̟2)+ 2̟ cos∆θ cosϕ+ 2 (1− 2|T |2)̟ sin∆θ sinϕ∣∣ (C4)
Grouping together the terms depending on sinϕ and making the notation
Cd = |TR| sinϕ
(
1−̟2)+ (1− 2|T |2)̟ sin∆θ (C5)
we arrive at the simple expression ∣∣∣∣∂〈Nd〉∂ϕ
∣∣∣∣ = 2|α|2|Cd sinϕ+̟ cos∆θ cosϕ| (C6)
Combining the results from equations (C3) and (C6) with equation (C2) yields the result from equation (16).
Starting from equation (16), a short calculation shows that the optimum internal phase shift is given by
ϕopt = arctan
((
1− 2|T |2)̟ sin∆θ + |TR|(1 −̟2)
̟ cos∆θ
)
+ 2kπ (C7)
Appendix D: Fisher information calculation for the coherent plus squeezed vacuum input
For the sum-sum Fisher matrix element Fss we use the definition from equation (7) and have the first,
〈∂sψ|∂sψ〉 = 1
4
(|α|4 + |α|2 + 2|α|2 sinh2 r + 2 sinh4 r + sinh2 r cosh2 r + sinh2 r) (D1)
and respectively, second term 〈ψ|∂sψ〉 = −i/2
(|α|2 + sinh2 r). We obtain
Fss = |α|2 + sinh
2 2r
2
(D2)
For the first term of Fdd we have
〈∂dψ|∂dψ〉 = 1
4
(
2 sinh4 r + sinh2 r cosh2 r − 2|α|2 sinh2 r + |α|4)− |TR|2 (2 sinh4 r + sinh2 r cosh2 r + |α|4)
+
1
4
sinh2 r +
1
4
|α|2 + |TR|2|α|2 sinh 2r cos∆θ + 4|TR|2|α|2 sinh2 r (D3)
while the second one is 〈ψ|∂dψ〉 = −i/2
(|T |2 − |R|2) (sinh2 r − |α|2), yielding the Fisher matrix element
Fdd =
(|T |2 − |R|2)2(|α|2 + sinh2 2r
2
)
+ 4|TR|2 (|α|2 (sinh 2r cos∆θ + cosh 2r) + sinh2 r) (D4)
The sum-difference and difference-sum Fisher matrix elements are equal and give
Fsd = Fds =
(|T |2 − |R|2)( sinh2 2r
2
− |α|2
)
(D5)
The determinant of the Fisher matrix is DF = FssFdd − FdsFsd. The Fisher information for the difference-difference
sensitivity measurement is F = DF/Fss, yielding
F = 2
(|T |2 − |R|2)2 sinh2 2r|α|2
|α|2 + sinh2 2r2
+ 4|TR|2 (|α|2 (sinh 2r cos∆θ + cosh 2r) + sinh2 r) (D6)
and using the identity
(|T |2 − |R|2)2 = 1− 4|TR|2 takes us to the expression given in equation (18).
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Appendix E: Fisher information calculation for the squeezed-coherent plus squeezed vacuum input
Following the definition of Fisher matrix elements (7) and the input state from equation (27) we obtain
Fss =
sinh2 2r
2
+
sinh2 2z
2
+ |α|2 (cosh 2z − sinh 2z cos∆φ) (E1)
where we denoted the input phase mis-match between the coherent source and the squeezing in the same arm
∆φ = 2θα − φ. In a similar manner we calculate the difference-difference Fisher matrix element
Fdd =
(|T |2 − |R|2)2 ( sinh2 2r
2
+
sinh2 2z
2
+ |α|2 (cosh 2z − sinh 2z cos∆φ)
)
+4|TR|2 (|α|2 (cosh 2r + sinh 2r cos∆θ) + sinh2 r + sinh2 z)
+8|TR|2 sinh r sinh z (sinh r sinh z − cosh r cosh z cos(φ − θ)) (E2)
and we remind the notation ∆θ = 2θα − θ representing the input phase mis-match between the coherent source and
the squeezed vacuum (see Section IV). Since Fsd = Fds we compute only one of them. We find
Fsd =
(|T |2 − |R|2)( sinh2 2r
2
− sinh
2 2z
2
− |α|2 (cosh 2z − sinh 2z cos∆φ)
)
(E3)
We use now the definition from equation (9) and obtain the Fisher information for the squeezed-coherent plus squeezed
vacuum input,
F = 4|TR|2 (|α|2 (cosh 2r + sinh 2r cos∆θ) + sinh2 r + sinh2 z)
+8|TR|2 sinh r sinh z (sinh r sinh z − cosh r cosh z cos(φ − θ))
+
(|T |2 − |R|2)2 sinh2 2r
(
sinh2 2z + 2|α|2 (cosh 2z − sinh 2z cos∆φ))
sinh2 2r
2 +
sinh2 2z
2 + |α|2 (cosh 2z − sinh 2z cos∆φ)
(E4)
For the balanced case one obtains the result from equation (29).
If we want to impose on F no T -dependence, we need to satisfy the condition κ = 0 where we define
κ = |α|2 ((cosh 2r + sinh 2r cos∆θ) + sinh2 r + sinh2 z)+ 2 sinh r sinh z (sinh r sinh z − cosh r cosh z cos(φ− θ))
− sinh
2 2r
(
sinh2 2z + 2|α|2 (cosh 2z − sinh 2z cos∆φ))
sinh2 2r
2 +
sinh2 2z
2 + |α|2 (cosh 2z − sinh 2z cos∆φ)
(E5)
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